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The uncertainty of a quantum state is given by
the composition of two components. The first is
called the quantum component and is given by

the probability distribution of an observable relative
to the state. The second is the classical component
which is an uncertainty function that is applied to the
first component. We characterize uncertainty func-
tions in terms of four axioms. We then study four
examples called variance, entropy, geometric and sine
uncertainty functions. The final section presents the
general theory of state uncertainty.
Quanta 2025; 14: 28–37.

1 Introduction

Uncertainty in quantum mechanics was first introduced
by Heisenberg to describe restrictions on the accuracy
of measurement results for two or more noncommuting
observables [1]. These uncertainty relations were later
systemized by various authors [2–6]. They have become
the central ingredient in the security analysis of many
cryptographic protocols such as quantum key distribu-
tion [7]. They have also been used as a powerful tool for
entanglement witness, Einstein–Podolsky–Rosen steer-
ing [8] and quantum metrology [9]. These studies have
been useful for describing the uncertainty of quantum
measurements. But at a more fundamental level, what
is the uncertainty of a quantum state and what does this
actually mean? One can safely say that the identification
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of the state of a quantum system is one of the most im-
portant problems in quantum mechanics. It is certainly of
great importance in quantum computation and informa-
tion theory [10, 11]. If we have a numerical measure of
the uncertainty or equivalently the certainty of a quantum
state then we can choose the most likely from a finite
set of possible choices. In this article, we point out that
the answer to the above question is the reverse of the
measurement uncertainty procedure. If ρ is an unknown
quantum state, the uncertainty of ρ depends on the context
(observable) under which the system is being measured.
We shall follow the work in [12]. However, in this previ-
ous article, only atomic projection-valued measures are
considered and we shall employ the more general positive
operator-valued measures (POVM) [13, 14]. Moreover,
our approach is more complete.

In this article, we shall only consider quantum systems
described by a finite dimensional Hilbert space H. In this
case, an observable is a finite set A = {A0, A1, . . . , Ad−1}

where A j , 0 is a positive operator, i = 0, 1, . . . , d − 1

with
d−1∑
i=0

Ai = I and I is the identity operator. We call

i = 0, 1, . . . , d − 1 the outcomes of A and according to
Born’s rule, the probability that outcome i is observed
when A is measured and the system is in the state ρ is the
trace tr (ρAi). In this introduction, we shall only present
rough ideas and a more detailed study will be given in
Section 2. In the context of the observable A, let UA(ρ)
be the uncertainty of the state ρ where we assume that
0 ≤ UA(ρ) ≤ 1. The most important requirement of UA is
concavity which postulates that UA cannot decrease under
mixtures. Mathematically this means that if λρ1+(1−λ)ρ2
where 0 ≤ λ ≤ 1, is a mixture of the states ρ1, ρ2 then

UA
[
λρ1 + (1 − λ)ρ2

]
≥ λUA(ρ1) + (1 − λ)UA(ρ2)
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Now there are two special types of states. One is an A-maximal uncertain state ρ that satisfies tr (ρAi) = 1
d ,

i = 0, 1, . . . , d − 1. For example, if A is the projection-valued observable A = {|ϕi⟩⟨ϕi| : i = 0, 1, . . . , d − 1} where
{ϕi} is an orthonormal basis for H, then the completely random state 1

d I is A-maximal uncertain. We require that
if ρ is A-maximal uncertain, then UA(ρ) has its largest value, namely UA(ρ) = 1. The second special type of state
is an A-maximal certain state ρ that satisfies tr (ρAi) = 1 for some i ∈ {0, 1, . . . , d − 1}. For example, if again
A = {|ϕi⟩⟨ϕi| : i = 0, 1, . . . , d − 1}, then |ϕi⟩⟨ϕi| is an A-maximal certain state for all i ∈ {0, 1, . . . , d − 1}. We require
that if ρ is A-maximal certain, then UA(ρ) has its smallest value, namely UA(ρ) = 0. We will also have a fourth
symmetric requirement which is not very important.

We shall see in Sections 2 and 4 that this is not the total picture. We have only discussed the quantum component
of state uncertainty. There is also a classical component given by an uncertainty function on the set of probability
distributions and is discussed in Section 2 [15, 16]. In Section 3, we study four examples of uncertainty functions.
We call these variance, entropy, geometric and sine uncertainty functions. Section 4 presents the general theory of
state uncertainty.

2 Uncertainty Functions

In this article, H will denote a complex, finite-dimensional Hilbert space. The set of self-adjoint operators on H is
denoted by LS (H) and a positive operator ρ ∈ LS (H) with trace tr (ρ) = 1 is called a density operator or state. We
denote the set of states on H by S(H). A state corresponds to an initial condition for a quantum system. An operator
a ∈ LS (H) satisfying 0 ≤ a ≤ I is called an effect and the set of effects is denoted by E(H). An effect a corresponds
to a measurement that has two outcomes yes–no (true-false). If a measurement of a results in outcome yes we say
that a occurs and if it results in outcome no we say that a does not occur. The effect I always occurs and the effect 0
never occurs. If a ∈ E(H), then its complement is a′ = I − a ∈ E(H) and a occurs under a specific measurement if
and only if a′ does not occur under that measurement. If ρ ∈ S(H) and a ∈ E(H), then the probability that a occurs
when the system is in state ρ is given by Pρ(a) = tr (ρa). Notice that

Pρ(a) + Pρ(a′) = tr (ρa) + tr (ρa′) = 1

More generally, if a, b ∈ E(H) with a + b ∈ E(H) we write a ⊥ b and in this case

Pρ(a) + Pρ(b) = tr (ρa) + tr (ρb) = tr
[
ρ(a + b)

]
≤ 1

An observable A for a quantum system is given by a finite collection of effects A = {Ai : i = 0, 1, . . . , d − 1} where

the Ai ∈ E(H), Ai , 0, need not be distinct and
d−1∑
i=0

Ai = I. We call {0, 1, . . . , d − 1} the outcome space for A and if a

measurement of A results in outcome i, we say that Ai occurs. We denote the set of observables on H by Ob (H). If
ρ ∈ S(H) and A ∈ Ob (H), then the probability that outcome i occurs where A is measured and the system is in state
ρ is given by Pρ(Ai). Since

∑
i

Pρ(Ai) =
∑

i

tr (ρAi) = tr

ρ∑
i

Ai

 = tr (ρI) = tr (ρ) = 1

we see that PA
ρ (i) = Pρ(Ai) is a probability disribution.

If d > 1 is an integer, a probability simplex is a set of probability distributions

Pd =

(x0, x1, . . . , xd−1) : 0 ≤ xi ≤ 1,
d−1∑
i=0

xi = 1


We treat the elements of Pd as real vectors and call x ∈ Pd a probability vector. If λ ∈ [0, 1], x, y ∈ Pd, we see that

λx + (1 − λ)y = λ(x0, x1, . . . , xd−1) + (1 − λ)(y0, y1, . . . , yd−1)

=
[
λx0 + (1 − λ)y0, λx1 + (1 − λ)y1, . . . , λxd−1 + (1 − λ)yd−1

]
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Since 0 ≤ λxi + (1 − λ)yi ≤ 1, i = 0, 1, . . . , d − 1 and

d−1∑
i=0

[
λxi + (1 − λ)yi

]
= λ

d−1∑
x=0

xi + (1 − λ)
d−1∑
i=0

yi = λ + (1 − λ) = 1

we conclude that λx + (1 − λ)y ∈ Pd so Pd is a convex set. A function f : Pd → [0, 1] is concave if for all x, y ∈ Pd

and λ ∈ [0, 1] we have
f
[
λx + (1 − λ)y

]
≥ λ f (x) + (1 − λ) f (y) (1)

If f is concave, the stronger inequality

f

∑
i

λizi

 ≥∑
i

λi f (zi) (2)

holds for all zi ∈ Pd, λi ∈ [0, 1], i = 1, 2, . . . , n, with
n∑

i=1
λi = 1. Indeed, if λ1, λ2, λ3 ∈ [0, 1] with λ1 + λ2 + λ3 = 1,

λ1 , 1, we have

f (λ1z1 + λ2z2 + λ3z3) = f
[
λ1z1 + (1 − λ1)

(
1

1−λ1
λ2z2 +

1
1−λ1

λ3z3
)]

≥ λ1 f (z1) + (1 − λ1) f
(

1
1−λ1

λ2z2 +
1

1−λ1
λ3z3

)
≥ λ1 f (z1) + (1 − λ1)

[
1

1−λ1
λ2 f (z2) + 1

1−λ1
λ3 f (z3)

]
= λ1 f (z1) + λ2 f (z2) + λ3 f (z3)

If λ1 = 1, the inequality holds trivially. Continuing by induction, we conclude that (2) holds. If h : {0, 1, . . . , d − 1} →
{0, 1, . . . , d − 1} is a bijection, we define ĥ : Pd → Pd by

ĥ [(x0, x1, . . . , xd−1)] = (xh(0), xh(1), . . . , xh(d−1))

and call ĥ a permutation on Pd. A function f : Pd → [0, 1] is symmetric if f
[̂
h(x)

]
= f (x) for any permutation ĥ and

x ∈ Pd.
We call an x ∈ Pd satisfying xi = 1 for some i ∈ {0, 1, . . . , d − 1} a maximal certainty distribution and if

x =
(

1
d ,

1
d , · · · ,

1
d

)
we call x a maximal uncertainty distribution. Notice that there is only one maximal uncertainty

distribution and only one maximal certainty distribution to within a permutation. We now present our main
definition [5, 7, 8]. An uncertainty function on Pd is a map f : Pd → [0, 1] that satisfies:

f (x) = 0 if and only if x is a maximal certainty distribution, (3)

f (x) = 1 if and only if x is a maximal uncertainty distribution, (4)

f is symmetric, (5)

f is concave. (6)

The following theorem is useful.

Theorem 1. Let f : Pd → R be given by f (x) =
d−1∑
i=0

h(xi) where h : [0, 1]→ [0, 1]. Then f is an uncertainty function

if (i) h is concave, (ii) h(0) = h(1) = 0, (iii) h(α) > 0 if α , 0, 1, (iv) h
(

1
d

)
= 1

d , (v)
d−1∑
i=0

h(xi) = 1 implies xi =
1
d ,

i = 0, 1, . . . , d − 1.

Proof. It is clear that f is symmetric. Also, f is concave because by (i)

f
[
λx + (1 − λ)y

]
=

d−1∑
i=0

h
[
λxi + (1 − λ)yi

]
≥

d−1∑
i=0

[
λh(xi) + (1 − λ)h(yi)

]
= λ

d−1∑
i=0

h(xi) + (1 − λ)
d−1∑
i=0

h(yi) = λ f (x) + (1 − λ) f (y)
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To check (3), suppose xi = 1 for some i. Then by (ii) f (x) = f (1) = 0. Conversely, if f (x) = 0, then
d−1∑
i=0

h(xi) = 0.

Hence, h(xi) = 0, i = 0, 1, . . . , d − 1 so by (ii) and (iii), xi = 0 or 1, i = 0, 1, . . . , d − 1. We conclude that xi = 1 for
some i. To check (4), suppose y =

(
1
d ,

1
d , · · · ,

1
d

)
. Then by (iv)

f (y) =
d−1∑
i=0

h(yi) =
d−1∑
i=0

h
(

1
d

)
= d f

(
1
d

)
= 1

Conversely, if f (y) = 1, then
d−1∑
i=0

h(yi) = 1, so by (v), yi =
1
d . Finally, f (x) ≤ 1 for all x ∈ Pd because (i) implies

h

d−1∑
i=0

λixi

 ≥ d−1∑
i=0

λih(xi)

for all λi ∈ [0, 1] with
∑
λi = 1. Letting λi =

1
d , i = 0, 1, . . . , d − 1 gives

1
d

∑
h(xi) ≤ h

(
1
d

∑
xi
)
= h

(
1
d

)
Hence, by (iv) we obtain

f (x) =
d−1∑
i=0

h(xi) ≤ dh
(

1
d

)
= 1 □

3 Examples of Uncertainty Functions

We now list some uncertainty functions. The first three are studied except for a multiple factor [12] while the fourth
appears to be new. We denote the natural logarithm function by ln.

(a) Variance uncertainty: v(x) = d
d−1

(
1 −

d−1∑
i=0

x2
i

)

(b) Entropy uncertainty: e(x) = − 1
ln d

d−1∑
i=0

xi ln xi

(c) Geometric uncertainty: g(x) = d
d−1 (1 −max xi)

(d) Sine uncertainty: s(x) = 1
d sin(π/d)

d−1∑
i=0

sin(πxi)

We now show that these are indeed uncertainty functions.

Theorem 2. The maps v, e, g and s are uncertainty functions.

Proof. We can write v(x) =
d−1∑
i=0

h(xi), e(x) =
d−1∑
i=0

h1(xi),

s(x) =
d−1∑
i=0

h2(xi) where h, h1, h2 : [0, 1]→ [0, 1] are given by

h(α) = d
d−1 (α − α2), h1(α) = − 1

ln dα lnα, h2(α) = 1
d sin(π/d) sin(πα). We now apply Theorem 1 to show that v, e and

s are uncertainty functions. Since the derivatives h′(α) = d
d−1 (1 − 2α), h′′(α) = − 2d

d−1 < 0 we conclude that h is
concave and h has its maximum at α = 1/2. Since h

(
1
2

)
= d

4(d−1) and d > 4
3 we obtain

d−1
d = 1 − 1

d > 1 − 3
4 =

1
4

so h(α) ≤ h
(

1
2

)
≤ 1 as required. Clearly, (ii) and (iii) of Theorem 1 hold for h. Moreover,

h
(

1
d

)
= d

d−1

(
1
d −

1
d2

)
= d

d−1

(
d−1
d2

)
= 1

d
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so (iv) holds. To show that (v) holds, suppose

d
d−1

1 − d−1∑
i=0

x2
i

 = d−1∑
i=0

h(xi) = 1

which implies
d−1∑
i=0

x2
i = 1 − d−1

d =
1
d

Letting β = (1, 1, . . . , 1), the inner product with x becomes

⟨x, β⟩ =
d−1∑
i=0

xi • 1 = 1 =

d−1∑
i=0

x2
i


1/2

d1/2 = ||x|| ||β||

Since we have equality in Schwarz’s inequality, we conclude that x = λβ for some λ ∈ R. Hence, xi = x j for all i, j

and since
d−1∑
i=0

xi = 1, it follows that xi =
1
d , i = 0, 1, . . . , d − 1. Therefore, (v) holds.

The function h1 is the well studied entropy function and it is well known that h1 satisfies the conditions of
Theorem 1. Hence, e is an uncertainty function. We next consider h2. Since h′′2 (α) ≤ 0 for all α ∈ [0, 1], h2 is concave

so (i) holds. It is clear that (ii), (iii) and (iv) hold for h2. To show that (v) holds for h2, suppose s(x) =
d−1∑
i−0

h2(xi) = 1.

As in the proof of Theorem 1, s(x) ≤ 1 for all x ∈ Pd. Since s(x) = 1, we have that s(x) is a maximum for s.
Employing the method of Lagrange multipliers, let

L(x, λ) = s(x) + λg(x)

for x ∈ Rd, where g(x) = 1 −
d−1∑
i=0

xi. Then s(x) attains a maximum if ∂s(x)
∂xi
+

∂g(x)
∂xi
= 0 for i = 0, 1, . . . , d − 1. Now

0 = ∂s(x)
∂xi
+

λ∂g(x)
∂xi
= π

d sin(π/d) cos(πxi) − λ

Hence, cos(πxi) =
λ sin(π/d)

π so cos(πxi) = cos(πx j) for all i, j = 0, 1, . . . , d − 1. This implies that xi = x j so xi =
1
d ,

i = 0, 1, . . . , d − 1. Hence, (v) holds.
Finally, we show that g(x) = d

d−1 (1 −max xi) is an uncertainty function. To show that g is concave, let

λx j + (1 − λ)y j = max
[
λxi + (1 − λ)yi

]
We then have

g
[
λx + (1 − λ)y

]
= d

d−1
[
1 −max(λxi + (1 − λ)yi)

]
= d

d−1

[
1 − (λx j + (1 − λ)y j)

]
Since max xi ≥ x j and max yi ≥ y j we obtain

g(x) = d
d−1 (1 −max xi) ≤ d

d−1 (1 − x j)

and

g(y) = d
d−1 (1 −max yi) ≤ d

d−1 (1 − y j)

Hence, x j ≤ 1 − d−1
d g(x) and y j ≤ 1 − d−1

d g(y). Therefore,

λg(x) + (1 − λ)g(y) ≤ λ d
d−1 (1 − x j) + (1 − λ) d

d−1 (1 − y j) = d
d−1

[
1 − (λx j + (1 − λ)y j)

]
= g(λx + (1 − λ)y)

so g is concave. To show that g satisfies (3), if xi = 1 for some i ∈ {0, 1, . . . , d − 1} then x j = 0 for j , i. Hence,
g(x) = d

d−1 (1 −max xi) = 0. Conversely, if g(x) = 0, then 1 −max xi = 1 − x j = 0. Hence, x j = max xi = 1 so xi = 1
for some i. To show that g satisfies (4), if y =

(
1
d ,

1
d , · · · ,

1
d

)
then g(y) = d

d−1

(
1 − 1

d

)
= 1. Conversely, if g(x) = 1, then
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d
d−1 (1 −max xi) = 1 so max xi =

1
d . If x j <

1
d for some j ∈ {0, 1, . . . , d − 1}, then

d−1∑
i=0

xi < 1 which is a contradiction.

Hence, x =
(

1
d ,

1
d , · · · ,

1
d

)
. Clearly, g is symmetric. Finally, since

d−1∑
i=0

xi = 1, we have max xi ≥
1
d . Hence,

1 −max xi ≤ 1 − 1
d =

d−1
d

Therefore, g(x) = d
d−1 (1 −max xi) ≤ 1. □

As in the proof of Equation (2), an uncertainty function f : Pd → [0, 1] satisfies f
(

d−1∑
i=0

λizi

)
≥

d−1∑
i=0

λi f (zi) where

λi ∈ [0, 1],
d−1∑
i=0

λi = 1 and zi ∈ Pd, i = 0, 1, . . . , d − 1. We now show that we can combine uncertainty functions to

obtain new uncertainty functions. For example, if λ ∈ [0, 1], then we can form the convex combination λv + (1 − λ)e.
More generally, we have the following theorem.

Theorem 3. If f1, f2, . . . , fn are uncertainty functions on Pd and 0 < λi ≤ 1 with
n∑

i=1
λi = 1, then f =

n∑
i=1
λi fi is an

uncertainty function on Pd.

Proof. First, it is clear that 0 ≤ f (x) ≤ 1 for all x ∈ Pd. To show that (3) holds, suppose f (x) = 0. Then
n∑

i=1
λi fi(x) = 0

implies that fi(x) = 0 for all i ∈ {1, 2, . . . , n}. But then x j = 1 for some j ∈ {1, 2, . . . , n}. Conversely, if x j = 1 for
some j ∈ {1, 2, . . . , n} then xk = 0 for k , j and fi(x) = 0 for all i ∈ {1, 2, . . . , n}. Hence,

f (x) =
n∑

i=1

λi fi(x) =
n∑

i=0

λi • 0 = 0

To show that (4) holds, suppose x =
{

1
d ,

1
d , · · · ,

1
d

}
. Then fi(x) = 1 for all i ∈ {1, 2, . . . , n} so

f (x) =
n∑

i=1

λi fi(x) =
n∑

i=1

λi = 1

Conversely, suppose f (x) = 1. Then
n∑

i=1
λi fi(x) = 1 so fi(x) = 1 for all i ∈ {1, 2, . . . , n}. Hence, x =

{
1
d ,

1
d , · · · ,

1
d

}
. To

show that (5) holds, let ĥ : Pd → Pd be a permutation. Then

f
(̂
h(xi)

)
=

n∑
i=1

λi fi
(̂
h(x)

)
=

n∑
i=1

λi fi(x) = f (x)

Finally, to show that (6) holds, for λ ∈ [0, 1] we obtain

f
[
λx + (1 − λ)y

]
=

n∑
i=1

λi fi
[
λx + (1 − λ)y

]
≥

n∑
i=1

λi
[
λ fi(x) + (1 − λ) fi(y)

]
= λ

n∑
i=1

λi fi(x) + (1 − λ)
n∑

i=1

λi fi(y) = λ f (x) + (1 − λ) f (y) □

4 Uncertainty Measures

Let A = {Ai : i = 0, 1, . . . , d − 1} be an observable on H. If Ai, i = 0, 1, . . . , d−1, are projections we call A a projective
observable and if Ai are rank one projections we call A an atomic projective observable. In this latter case we
can write Ai = |i⟩⟨i| where |i⟩ is an orthonormal basis for H. If A ∈ Ob (H) and ρ ∈ S(H) we have the probability
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distribution PA
ρ (i) = tr

[
ρ(Ai)

]
, i = 0, 1, . . . , d − 1, so PA

ρ ∈ Pd. If f : Pd → [0, 1] is an uncertainty function, we define
the ( f , A)-uncertainty measure U( f ,A) : S(H)→ [0, 1] by U( f ,A)(ρ) = f (PA

ρ ). For example, if f = v we have

U(v,A)(ρ) = v(PA
ρ ) = d

d−1

1 − d−1∑
i=0

(
PA
ρ (i)

)2
 = d

d−1

1 − d−1∑
i=0

(tr (ρAi))2


In a similar way

U(e,A)(ρ) = e(PA
ρ ) = − 1

ln d

d−1∑
i=0

tr (ρAi) ln (tr (ρAi))

U(g,A)(ρ) = g(PA
ρ ) = d

d−1
{
1 −max

[
tr (ρAi)

]}
U(s,A)(ρ) = s(PA

ρ ) = 1
d sin(π/d)

d−1∑
i=0

sin
[
πtr (ρAi)

]
We now show why U(v,A) is called a variance uncertainty measure. If a ∈ E(H), ρ ∈ S(H), the ρ-variance of a

is the average variation Var(a, ρ) = tr
[
ρ(a − tr (ρa)I)2

]
from a to its ρ-expectation tr (ρa)I. We write V(a, ρ) in a

simpler form

Var(a, ρ) = tr
{
ρ
(
a2 − 2atr (ρa) +

[
tr (ρa)

]2 I
)}
= tr (ρa2) −

[
tr (ρa)

]2

If A is a projective observable, then
Var(Ai, ρ) = tr (ρAi) −

[
tr (ρAi)

]2

We then have

U(v,A)(ρ) = d
d−1

d−1∑
i=0

tr (ρAi) −
d−1∑
i=0

[
tr (ρAi)

]2

 = d
d−1

d−1∑
i=0

[
tr (ρAi) − (tr (ρAi))2

] = d
d−1

d−1∑
i=0

Var(Ai, ρ)


which writes U(v,A)(ρ) in terms of the ρ-variances of Ai.

The next result gives the properties of an uncertainty measure.

Theorem 4. If U( f ,A) is an uncertainty measure, then 0 ≤ U( f ,A)(ρ) ≤ 1 and we have (i) U( f ,A)
[
λρ1 + (1 − λ)ρ2

]
≥

λU( f ,A)(ρ1) + (1 − λ)U( f ,A)(ρ2) for all λ ∈ [0, 1],
(ii) U( f ,A)(ρ) = 0 if and only if tr (ρAi) = 1 for some i ∈ {0, 1, . . . , d − 1},
(iii) U( f ,A)(ρ) = 1 if and only if tr (ρAi) = 1

d for all i = {0, 1, . . . , d − 1}.

Proof. It is clear that 0 ≤ U( f ,A)(ρ) ≤ 1. To prove (i), let

x =
[
tr (ρ1A0), tr (ρ1A1), . . . , tr (ρ1Ad−1)

]
y =

[
tr (ρ2A0), tr (ρ2A1), . . . , tr (ρ2Ad−1)

]
Since f is concave we obtain

U( f ,A)
[
λρ1 + (1 − λ)ρ2

]
= f

{
tr

[
(λρ1 + (1 − λ)ρ2)(A0)

]
, . . . , tr

[
(λρ1 + (1 − λ)ρ2)(Ad−1)

]}
= f

{[
λtr (ρ1A0) + (1 − λ)tr (ρ2A0)

]
, . . . ,

[
λtr (ρ1Ad−1) + (1 − λ)tr (ρ2Ad−1)

]}
= f

[
λx + (1 − λ)y

]
≥ λ f (x) + (1 − λ) f (y) = λU( f ,A)(ρ1) + (1 − λ)U( f ,A)(ρ2)

for all λ ∈ [0, 1]. To prove (ii), applying (3) we obtain U( f ,A)(ρ) = 0 if and only if

f
[
tr (ρA0), tr (ρA1), . . . , tr (ρAd−1)

]
= 0

which holds if and only if tr (ρAi) = 1 for some i ∈ {0, 1, . . . , d − 1}. To prove (iii), applying (4) we obtain
U( f ,A)(ρ) = 1 if and only if

f
[
tr (ρA0), tr (ρA1), . . . , tr (ρAd−1)

]
= 1

which holds if and only if tr (ρAi) = 1
d for all i ∈ {0, 1, . . . , d − 1}. □
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As with an earlier argument, it follows from (i) that

U( f ,A)

 n∑
i=1

λiρi

 ≥ n∑
i=1

λiU( f ,A)(ρi)

for λi ∈ [0, 1] with
n∑

i=1
λi = 1.

In [12], the measuring observable is always the atomic, projective observable A = {|i⟩⟨i| : i = 0, 1, . . . , d − 1}.
However, we contend that this is too restrictive and other observables should also be used. For example, let
A = {A0, A1} with A1 = I − A0 be an arbitrary observable on the qubit Hilbert space H = C2. Then for any ρ ∈ S(H)
we have the probability distribution PA

ρ (i) = tr (ρAi) i = 0, 1. Consider the mixed state ρ = 1
2 (|0⟩⟨0| + |1⟩⟨1|) and the

pure state |ψ⟩⟨ψ| where ψ = 1√
2
(|0⟩ + |1⟩). We then have for i = 0, 1 that

PA
ρ (i) = tr (ρAi) = 1

2 tr [(|0⟩⟨0| + |1⟩⟨1|) Ai] = 1
2 [⟨0|Ai|0⟩ + ⟨1|Ai|1⟩] = 1

2 tr (Ai)

and

PA
|ψ⟩⟨ψ|(i) = tr (|ψ⟩⟨ψ|Ai) = 1

2 [(|0⟩ + |1⟩) (|0⟩ + |1⟩) Ai] = 1
2 [⟨0|Ai|0⟩ + ⟨1|Ai|1⟩ + 2Re⟨0|Ai|1⟩] = 1

2 tr (Ai) + Re⟨0|Ai|i⟩

We then obtain

PA
ρ (0) = 1

2 tr (A0), PA
ρ (1) = 1 − 1

2 tr (A0)

PA
|ψ⟩⟨ψ|(0) = 1

2 tr (A0) + Re⟨0|A0|1⟩,

PA
|ψ⟩⟨ψ|(1) = 1 − 1

2 tr (A0) − Re⟨0|A0|1⟩

If A = {|0⟩⟨0|, |1⟩⟨1|} is an atomic, projection observable, then

PA
ρ (0) = PA

ρ (1) = PA
|ψ⟩⟨ψ|(0) = PA

|ψ⟩⟨ψ|(1) = 1/2

so A does not distinguish the two different states ρ and |ψ⟩⟨ψ|. Also, if A0 is diagonal, then ⟨0|A0|1⟩ = 0, so A does
not distinguish ρ and |ψ⟩⟨ψ|. However, if A satisfies Re⟨0|A|1⟩ , 0, it does distinguish the states ρ and |ψ⟩⟨ψ|.

Example 1. Let H = C2 be the qubit Hilbert space and let ρ, |ψ⟩⟨ψ| be the states just considered. Define the projective
observable A = {A0, A1} by A0 =

1
2

[
1 1
1 1

]
, A1 =

1
2

[
1 −1
−1 1

]
. Then Re⟨0|A0|1⟩ = 1/2 and we have

PA
ρ (0) = 1

2 tr (A0) = 1/2 = PA
ρ (1)

Thus, PA
ρ is a maximal uncertainty distribution. We also have

PA
|ψ⟩⟨ψ|(0) = 1

2 tr (A0) + Re⟨0|A0|1⟩ = 1

and P|ψ⟩⟨ψ|(1) = 0 so PA
|ψ⟩⟨ψ|

is a maximal certainty distribution, We conclude that PA
ρ and PA

|ψ⟩⟨ψ|
are exact opposites.□

Example 2. In Example 1, let A0 =
1
2

[
1 1/3

1/3 1

]
, A1 =

1
2

[
1 −1/3
−1/3 1

]
. Then Re⟨0|A0|1⟩ = 1/6 and we have

PA
ρ (0) = PA

ρ (1) = 1/2

as before. Moreover,

PA
|ψ⟩⟨ψ|(0) = 1

2 +
1
6 =

2
3 , PA

|ψ⟩⟨ψ|(1) = 1
3 □

Example 3. We now apply our standard uncertainty measures to the previous two examples. In Example 1, we let
x = (1/2, 1/2), y = (1, 0) and obtain v(x) = e(x) = g(x) = s(x) = 1 and v(y) = e(y) = g(y) = s(y) = 0. In Example 2,
we let x = (1/2, 1/2), z = (2/3, 1/3). Again, we have v(x) = e(x) = g(x) = s(x) = 1. However,

v(z) = 2(1 − z2
0 − z2

1) = 2
(
1 − 4

9 −
1
9

)
= 8

9 = 0.889

e(z) = 1
ln 2 (z0 ln z0 + z1 ln z1) = − 1

ln 2

(
2
3 ln 2

3 +
1
3 ln 1

3

)
= − 1

ln 2

(
2
3 ln 2 − ln 3

)
= 0.9184

g(z) = 2 (1 − max {z0, z1}) = 2
(
1 − 2

3

)
= 2

3 = 0.667

s(z) = 1
2 sin(π/2)

[
sin

(
2
3π

)
+ sin

(
π
3

)]
= 1

2 = 0.500 □
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For A ∈ Ob (H), then ρ ∈ S(H) is an A-maximal uncertainty state if tr (ρAi) = 1
d , i = 0, 1, . . . , d − 1. Notice that ρ

is an A-maximal uncertainty state if and only if U( f ,A)(ρ) = 1 for every uncertainty function f : Pd → [0, 1].

Theorem 5. If A = Ob (H) is an atomic, projective observable A = {|0⟩⟨0|, |1⟩⟨1|, . . . , |d − 1⟩⟨d − 1|}, then ρ ∈ S(H)
is an A-maximal uncertainty state if and only if ρ = 1

d I + T where T ∈ L(H) satisfies ⟨r|T |r⟩ = 0 for all r ∈
{0, 1, . . . , d − 1}.

Proof. If ρ = 1
d I + T where ⟨r|T |r⟩ = 0 for all r ∈ {0, 1, . . . , d − 1}, then

tr (ρAi) = 1
d tr (Ai) + tr (T Ai) = 1

d + ⟨i|T |i⟩ =
1
d

Conversely, suppose tr (ρAi) = 1
d , i ∈ {0, 1, . . . , d − 1}. We can write ρ =

∑
i, j
λi j|i⟩⟨ j| and we obtain

1
d = tr (ρAi) = ⟨i|ρ|i⟩ = ⟨i|

∑
r,s

λr,s|r⟩⟨s||i⟩ = ⟨i|
∑

r

λri⟨r| = λii

Hence,
ρ =

∑
i

λii|i⟩⟨i| +
∑
i, j
i, j

λi j|i⟩⟨ j| = 1
d I +

∑
i, j
i, j

λi j|i⟩⟨ j|

Letting T =
∑
i, j
i, j

λi j|i⟩⟨ j| we conclude that

⟨r|T |r⟩ =
∑
i, j
i, j

λi j⟨r | i⟩⟨ j | r⟩ = 0 □

In general, the operator T is not unique. However, if ρ is diagonal relative to the basis {|i⟩, i = 0, 1, . . . , d − 1}, we
obtain T = 0

Corollary 6. If A is the observable of Theorem 5 and ρ is an A-maximal uncertainty state that is diagonal relative to
{|i⟩ : i = 0, 1, . . . , d − 1}, then ρ = 1

d I.

Proof. We have that
1
d = tr (ρAi) = ⟨i|

∑
j

λ j| j⟩⟨ j | i⟩ = λi

Hence, ρ = 1
d I. □

Example 4. Let A = {A0, A1} be the observable of Example 1 where A0 =
1
2

[
1 1
1 1

]
. Suppose ρ = |ϕ⟩⟨ϕ| where ϕ =

[ α
β

]
is an A-maximal uncertainty state and we can assume α ∈ R. Then α2 + |β|2 = 1 and 1

2 = tr (ρA0) = ⟨ϕ, A0ϕ⟩. Since

A0(ϕ) = 1
2

1 1

1 1

 α
β

 = 1
2

α + β
α + β

 ,
we obtain

1
2 = ⟨ϕ, A0ϕ⟩ =

1
2

〈α
β

 , α + β
α + β

〉 = 1
2

[
α2 + |β|2 + α(β + β )

]
= 1

2
[
1 + 2αRe(β)

]
Hence α = 0 or Re(β) = 0. We conclude that

ϕ =

 α

i
√

1 − α2

 (7)

Thus, there are infinitely many A-maximal uncertainty states of form (7). For example,

1
2

 1

i
√

3

 or 1
3

 1

i
√

8

 □
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Just as we were able to form affine combinations of
uncertainty functions, we can form affine combinations of
uncertainty measures. If Bi =

{
Ai j : j = 0, 1, . . . , d − 1

}
,

i = 1, 2, . . . , n, where
d−1∑
j=0

Ai j = I for all i, are observables

and 0 < λi ≤ 1, i = 1, 2, . . . , n, with
n∑

i=1
λi = 1, then

C =

 n∑
i=1

λiAi j : j = 0, 1, . . . , d − 1

 = n∑
i−1

λiBi

is an observable. We can then define the ( f ,
∑
λiBi) un-

certainty measure

U( f ,
∑
λiBi)(ρ) = f

(
P

∑
λiBi

ρ

)
= f (PC

ρ ) =
∑

λi f (PBi
ρ )

We can also form the
(∑

λi fi,
∑
µ jB j

)
-uncertainty mea-

sure

U(∑ λi fi,
∑
µ jB j)(ρ) =

∑
i

λiU( fi,
∑
µ jB j)(ρ)

=
∑
i, j

λiµ jU( fi,B j)(ρ)

References
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