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e first show that every operation possesses
Wan unique dual operation and measures an

unique effect. If ¢ and b are effects and J is
an operation that measures a, we define the sequen-
tial product of a then b relative to J. Properties of
the sequential product are derived and are illustrated
in terms of Liiders and Holevo operations. We next
extend this work to the theory of instruments and
observables. We also define the concept of an instru-
ment (observable) conditioned by another instrument
(observable). Identity, state-constant and repeatable
instruments are considered. Sequential products of
finite observables relative to Liiders and Holevo in-
struments are studied.
Quanta 2022; 11: 15-27.

1 Sequential Products of Effects

Let S be a quantum system described by a complex
Hilbert space H. One of the main points of this arti-
cle is that the sequential product of two observables for
S depends on the instrument 7 employed to measure the
first observable and is independent of the instrument used
to measure the second. In this way, the measurement of
the first observable influences the measurement of the
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second but not vice versa. As we shall see, the sequential
product is defined in terms of the dual 7™ of 7.

We denote the set of bounded linear operators on H by
L(H) and the set of trace-class operators on H by 7 (H).
For A, B € L(H) we write A < B if (¢, Ad) < (¢, Bp) for
all € H. We say that A € L(H) is positive if A > 0 and
Ais an effect if 0 < A < I where 0, ] are the zero and
identity operators on H, respectively [IH5]. The set of
effects on H is denoted by E(H). We interpret effects as
measurements that have two possible outcomes, true and
false. If a € E(H), then its complement a’ = I — a is true
if and only if a is false. If a,b € &(H) and a + b € E(H)
we write a L b and interpret a + b as the statistical sum
of the measurements a and b. Of course, 0 L a foralla €
&E(H) and we interpret 0 as the effect that is always false.
Similarly, 1 L a if and only if a = 0 and 1 is the effect
that is always true. Moreover, b L a if and only if b < a’.
A map K: E(H) — &(H) is additive if K(a) L K(b)
whenever a L b and we have that K(a +b) = K(a) + K(b).
If K is additive, then K preserves order because if a < b,
then there exists a ¢ € E&(H) such that a + ¢ = b and we
obtain

K(a) < K(a) + K(c) = K(a+¢c) = K(b)

If K is additive and K(I) = I, then K is a morphism
(1,668

A state for S is a positive operator p € 7 (H) such
that tr(p) = 1. We denote the set of states by S(H)
and interpret p € S(H) as an initial condition for the
system S [[1,/6]. We define the probibility that a € E(H)
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is true when § is in the state p by P,(a) = tr(pa). It
follows that P,(a’) = 1 — P,(a) and a < b if and only if
Py(a) < P,(b) for all p € S(H). An operation on H is
a completely positive linear map J: L(H) — L(H) that
is trace non-increasing for 7 (H) operators. We denote
the set of operations on H by O(H). It can be shown
[1.12/6,9] that every J € O(H) has a Kraus decomposition
J(A) = Y CAC}, A € L(H), where C; € L(H) satisty
2. C;C; < I. This condition follows from the fact that for
every A € 7 (H) with A > 0 we have that

tr (Z CiCiA) = Z tr (CICiA) = Z tr (C/ACY)
=tr () GAC}) < tr(A)

holds if and only if > C;C; < I. If an operation pre-
serves the trace, it is called a channel [|1,5,/6,/10]. A
dual operation on H is a completely positive linear map
K: L(H) —» L(H) that satisfies K: E(H) — &(H). It
follows that K|g) is additive. We denote the set of dual
operations on H by O*(H).

Theorem 1. If J: L(H) — L(H) is an operation, then
there exists a unique J* € O*(H) such that tr [pJ*(a)] =
tr [J(p)a] for all a € EH), p € S(H). Conversely, if
K € O*(H), then there exists a unique J € O(H) such that
J* = K. Moreover, J is a channel if and only if J*(I) = I.

Proof. Let J € O(H) with Kraus decomposition J(A) =
2. CiAC] where 3, C;C; < I and define J*(A) = ) C]AC;
forallA € L(H). Ifac &H)and ¢ € H,since 0 <a <1,
we have that

(@ " (@¢) = (9, ) ClaCig)
= > (Cig,aCig) < ) (Cigp, Cig)
= (4, C;Cip) < (9, 9)
Moreover, (¢, J*(@)p) > 0so 0 < J*(a) < I and we
conclude that J*(a) € &(H). Since J* also has a Kraus

decomposition, it follows that J* € O*(H). The duality
condition holds because

tr [pJ*@] = tr (p " CjaC;) = Y tr(pCiaCy)

= Z tr (CipCia) = tr [Z CipCy “]
=tr [J(p)a] M)

for all a € &H), p € S(H). To show that J* is unique,
suppose K € O*(H) satisfies tr [pK(a)] = tr [J(p)a] for
all a € E(H), p € S(H). Then tr [pK(a)] = tr [pJ*(a)]
for all a € &(H), p € S(H) so K = J*. Conversely, let
K € O*(H) with Kraus decomposition K(a) = }, C}aC;.
Since K: E&H) — &(H) and I € &(H) we have that
K(I) < I. Hence,

Y cici=K <1
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It follows that the map J(A) = 3 C;AC? is an operation.
As in (I)) we have that

tr [pK(a)] = tr [J(p)a] = tr [pJ"(a)]

We conclude that J* = K and as before, J is unique. If
J*(I) = I, then

tr [J(p)] = tr [J()I] = tr [pJ"(D] = tr (p) = 1

for every p € S(H) so J is a channel. Conversely, if J is
a channel, then

tr [pJ*(D] = tr [J(p)I] = tr [J(p)] =1
soJ*(I) = I. |

In the proof of Theorem [I, we defined J*(A)
2. CIAC;, where J has Kraus decomposition J(A) =
2. CiAC;. The Kraus operators C; are not unique and
there can be many such operators [2,5]]. Suppose we
have another Kraus decomposition J(A) = > D jADj.. By
uniqueness, we conclude that J*(A) = }; D;AD ; so the
form of the Kraus operators is immaterial. We say that an
operation J measures an effect a if

tr [J(p)] = tr(pa) = P,(a)

for every p € S(H). We think of J as an apparatus that
can be employed to measure the effect a [10513]]. Then
tr [J(p)] gives the probability that a is true when the
system § is in the state p. The operation J gives more
information than the effect a. If @ € 7 (H) with @ > 0 we
define its corresponding state to be @ = a/tr (a). After
an operation J is performed, the state p is updated to the
state (Jp)~ [10H13].

If0 < A4 < 1with )4 =1 and a; € & H), then
it is clear that ), ;a; € &(H) and if p; € S(H) we
have that ), 4;0; € S(H). We conclude that & H) and
S(H) are closed under convex combinations and hence
form convex sets. In a similar way, if J; € O(H),
K; € T*(H), then Y A;J; € O(H) and } A,;K; € O*(H)
so O(H) and O*(H) form convex sets. If J1,J, € O(H),
we define their sequential product Jy o J, € O(H) by
J1 0 Jr(A) = Jo (J1(A)) [10413]]. Physically, J; o J, spec-
ifies the operation obtained by first employing the op-
eration J; and then employing J,. In a similar way, if
K1, K, € O*(H), their sequential product KjoK, € O*(H)
is K o K>(A) = K> (K1(A)).

Theorem 2. (i) An operation J measures an unique effect
given by J= J). (1) f0 <4 <1with ) 4; =1and
J; € O(H), then G A;J)" = Z/LJZ* and () /li-]i)/\ =
3 AiJ;. (iii) If we also have 0 < pj < 1 with Y u; = 1
and K; € O(H) then

(Z/IJ,] o [Z'quj] = Z/liﬂj.],' o Kj
i J i,J
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and this result also holds if J;, K; € O*(H). (iv) If J.K €
O(H) then (J o K)* = K* o J* and (J o K)* = J*(K).
(v) The following statements are equivalent: (a) Jis a
channel, (b) 7 =1, (c) J*(I) =1, (d) (Ko J)" =K for
all K € O(H).

Proof. (1) Since

tr [J(o)] = tr [J)I] = tr [pJ*(D)]

for all p € S(H), we conclude that J measures J*(/). For
uniqueness, if J also measures a, then

tr (oa) = tr [J(p)] = tr [0J"(D)]
for all p € S(H) so a = J*(I).
(i) Since
o (3 49 @] = [ 1) o3

=tr [ ). Aidip)al
= " itr [Jip)a]
= > Aitr [pJf(@)]
=tr [p Z /liJl-*(a)]

for all p € S(H), a € E(H), it follows that (3 4;J;)* =
2. A;J7. We then obtain

Ol ) = (O an) =3 aramy =3 adi

which gives the result.
(i11) For all A € L(H) we obtain

(Z /L'Ji) ° [Z uiKj[(A) = Z,UjKj (Z /liJi(A))
i 7 7 i

= > AittiK; (Ji(A)
ij
= Z /liﬂj-]i o KJ(A)
ij
and the result follows. The proof for J;, K; € O*(H) is
similar.
(iv) For all p € S(H), a € E(H) we have that
tr [p(J o K*)@)] = tr [(J o K)(p)a] = tr [K (J(p)) d]
=tr [J(p)K"(a)] = tr [pJ" (K" ()]
=t [p(K* o J*)(@)]

Hence, (J o K)* = K* o J*. It then follows from (i) that

(JoK)" = (JoK)*(I) = (K*oJ*)(I) = J* (K*(D)) = J*(K)

(v) (a)=(b) If J is a channel, then for every p € S(H)
we have that

tr(pl) = 1 = tr [J(p)I] = tr [pJ*(D)] = tr (p])
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Hence, J = I. (b)&(c) This follows from (i). (c)=(d) If
J =J*(I) = I, applying (i) and (iv) gives

(Ko =(KolJ)y(I)=(J" o K)I)= K" (J"(])
=K'J)=K'() =K

(d)=(a) Suppose (d) holds and let K be the identity chan-
nel K(p) = p for all p € S(H). Then K =1Iso by (d) we
have that

J=(KoN'=K=1

We then obtain for all p € S(H) that

tr [J(p)] = tr [J(p)I] = tr [pJ*(D)] = tr (p]) = tr (p) = 1
Hence, J is a channel. m]

The proof of the following result is similar to Theo-

rem [2f(ii)

Corollary 3. If J,K € O(H) and J+K e O(H), then
J+K)Y'=J"+K'and(J+ K)" =J + K.

If a,b € E(H) and J € O(H) measures a so that J= a,
we define the sequential product of a then b relative to J
by a[J]b = J*(b). We interpret a [J] b as the effect that
results from first measuring a with the operation J and
then measuring b. In this way, the measurement of a can
influence (or interfere with) b, but since we measure b
second, the measurement of b does not influence a. An
important point is that a [J] b depends on J. As we shall
see, there are many operations that measure a so if K =a,
then a [J]1b # a[K] b, in general. Moreover, a [J] b does
not depend on an operation that measures b.

Theorem 4. (i) If 7 = a, K = b, then a[J]b = (J o K)".
(ii) a[J]b < a for all a,b € EH). (i) If0 < A< 1
and J = a, then (Aa) [AJ]b = A(a[J1b) = a[J](Ab).
(iv) a[J]I =aforalla € EH). (v) al[J]1b =a - J*(a).
(vi) fJi=a;,0< 4 <1with Y 4, =1and0<pj<1
with 3 u; = 1, then for any b; € E(H) we have that

(Z /L‘ai) [Z /li-]i] (Z ﬂjbj) = Z Aipjai [Jilb;
Lj
Proof. (1) By Theorem @Kiv) we obtain
alJ1b=J'(b) =J(K) = (J o K)"
(i1) This follows from
alJlb=J®)<J(D)=T=a
(ii1) We have that

(Aa) [AJ]1b = (AD)*(b) = AJ*(b) = A(alJ]b)
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and

AJ*(b) = J*(Ab) = a[J] (Ab)
(iv) This follows from
allll=J()=J=a
(v) We have that
alJld =alJ1( —a) = J*(I - a) = J*(I) - J*(a)
=J-Ja)=a-J(a)

(vi) Applying Theorem [2{ii) we obtain

(D0 i) [ DS 4| (D mibs) = (D 00) (D msb)
= Z 07 (Z uib;)

= > Auidi (b))
¥

= Z Aipjai [Jil b;
¥

O

We end this section with some definitions suggested by
the theory. We say that a, b € E(H) commute relative to a
subset R C O(H) if there exist operations J, K € R such
that

alJlb=>b[K]a (2)

Of course, (2) is equivalent to J*(b) = K*(a), where J=a
and K = b. In particular, when (2) holds, then a and b
commute relative to {J, K} € O(H). When R = O(H), we
just say that a and b commute. Since

alJ10=J°0)=0=0%a)=0[0]a

we conclude that any a € &(H) commutes with 0. Simi-
larly,
alNNMI=J")=a=I'(a)=1[1a

So any a € EH) commutes with /. Suppose a commutes
with b so () holds. If 0 < 2 < 1, then

alJ](Ab) = Ab[AK]a

Hence, a commutes with 1b. We do not know if the
following conjecture holds.

Conjecture 1. If a commutes with b and ¢ where b L c,
then ¢ commutes with b + c.

Leta,b € &H)andlet J,K € O(H) withJ = ¢, K = d'.
We define the effect b conditioned by the effect a relative
to {J, K} by

b\, Kla)=alJlb+d [K]b
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We interpret (b|J, K|a) as the effect b conditioned on
whether a is true or false as measured by the operations,
J, K respectively, In terms of probabilities, we have

P, (), Kla) = tr [pJ*(D)] + tr [pK"(b)]
=tr [J(p)b] + tr [K(p)b]

= Pp(@)P 555, (b) + Pp(ad )P g (b) - (3)

Equation (3) is a type of Bayes’ rule where ) is the
probability that b is true given that a is true and P %)(b)
is the probability that b is true given that a is false. We
say that b is not influenced by a relative to {J, K} if b =
(b |J, K| a).

The most important example of an operation is the Liiders
. . 1 1 .
operation L%, a € E(H), given by L*(A) = a2Aaz. Since

tr [L(p)b] = tr (a%pa’b) = tr(paba’) = tr [o(L*)"(b)]

we have that (L9)*(b) = a’ba> = LY(b) so L% is self-
adjoint in the sense that L* = (L%)*. Moreover, (L*)" =
(L*)*(I) = a so L* measures a. In fact, L? is the unique
Liiders operation that measures a. An effect a is sharp if
a is a projection. We denote the set of Liiders operations

by L.

Theorem 5. (i) (L% o J)" = a2Jaz for all J € O(H).
(i) a[L'lb = a2ba> = L4(b). (iii) (J o LY = J*(a).
(iv) (L% o LDy = arba?. (v) a commutes with b relative
to L if and only if ab = ba, that is, a and b commute in
the usual operator sense. (vi) If a is sharp, then b is not
influenced by a relative to {La, L“'} if and only if ab = ba.

Proof. (1) By Theorem Ekiv) we have that

—

(Lo D" = L4 (T) = a?Ja?
(i1) This follows from
a[L)b = (L% (b) = a?ba? = L*(b)
(iii) Applying Theorem [2iv) we obtain
(J o LY = J* [(LY] = I (a)

(iv) follows from (i).
(v) We have that a commutes with b relative to £ if and
only if

atha? = a [L1b=b [Lb]a = blab?

which holds if and only if ab = ba [8]. (vi) If a is sharp

1 ’
then a2 = a so b is not influenced by a relative to {L“, LY }
if and only if

b=alllb+d [L“/] b = aba + a’bd’
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Multiplying on left by a gives ab = aba. Hence, ab =
(ab)* = b*a* = ba. Conversely, if ab = ba, then

aba+ad'ba =ab+db=>b O

1—=1

Theorem i) and (iii) show that L o J measures a2 Ja2
and Jo L measures J*(a) for all J € O(H). We call a0b =
alL*1b = a’ba> the standard sequential product of a and
b [7.81[10,[13]. Of course, if J # L then a[J]b # azba?,
in general. Theorem f{vi) shows that in a certain sense, a
sequential product preserves convex combinations. This
does not imply that when 0 < A < 1 we have

[da + (1 — D)b]Oc = AdadOc + (1 — A)bOc

which does not hold in general. In fact, we have that

D=

[a+ (1 = DblOc = [Aa + (1 = Db] c[da + (1 = )b]
On the other hand
Aadc + (1 — Dbac = dazca® + (1 — Db ch?

For @ € S(H), a € E(H), we call H,4)(p) = tr (pa)a
the Holevo operation with state a and effect a [|14]]. The
next theorem shows that the sequential product of any
operation with a Holevo operation is again a Holevo op-
eration. It also shows that I’-I\(a,a) = a for any a € S(H).
This illustrates the fact that an effect can be measured by

many operations. We denote the set of Holevo operations
by H.

Theorem 6. (i) H(*a’a)(b) = tr (ab)a and I:I\(w) = a for
all @« € S(H), a,b € &H). (i) Hgayo J = H 75w o
and J o H(a’a) = H(a,ﬁ(a)). (ii1) (H(a,a) o ])A =tr [J(a)]a
and (Jo Hig0)" = J*(@). (iv) Hgp) o Haa) = Hour @ab):
(V) a[Ha|b = [tr(ab)]a. (vi) a commutes with b rel-
ative to H if and only if there exists @, 8 € S(H) such
that tr (ab)a = tr (Ba)b. (vii) a does not influence b rela-
tive to {Hq.a). Hip)} if and only if b = tr [( = B)b] a +
tr(8b)I. In particular, if « = S then b = tr(ab)l.
(viii) (b|Haa) Hpa)|a) = tr (@ = p)b]a + tr (BH)L.

Proof. (1) We have that

tr [pH(*a’a)b] =tr [Haa(p)b] = tr [tr (pa)ab]
= tr (pa)tr (ab) = tr [ptr (ab)a]

It follows that H(*a a)(b) = tr(ab)a. We conclude that
H, ) measures the effect

Hioy = H (D = tr (@D = a
(ii) For all p € S(H) we obtain

(H(a/,a) o)p)=J [H(a,a)(p)] =J [tr (pa)oz]
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=tr (pa)J(a)

=tr [ptr (Ja)a] Ja = H

(Ta,tr(]a)a)(p)

and the result follows. Moreover, for all p € S(H) we
obtain

(Jo H(a,a))(p) = H(a,a) [‘I(p)] =tr [J(p)a] 4
= tr [pJ (@] @ = H,s*@)(P)

and the result follows.
(ii1) These follow from (i) and (ii).
(iv) Applying (i) and (ii) gives

H(,B,b) o Ha) = H(U,H&fb))(a) = H(a,tr(,Ba)b)

(v) Applying (i) gives
a [H(a,a)] b= H:a’a)(b) = tr(ab)a

(vi) By (v) we have that a[Hq|b = tr(ab)a and
b|Hgw|a = tr (Ba)b. Hence, a[Hw] b = b|Hpp|aif
and only if tr (ab)a = tr (Ba)b.

(vii) For all @, € S(H) we have by (v) that

a[Haa)| b+a [Hpa| b = Hy,, 1 (b) + Hig o (b)

= tr(ab)a + tr (Bb)d’
= tr (ab)a + tr (Bb)] — tr (Bb)a
=tr [(@ — B)b] a + tr (Bb)I

The result follows.
(viii) This follows from (vii). m]

Theorem [div) shows that a [J]] = a for all a € E(H).
We can use Holevo operations to show that I/ [J]a # a, in
general. Applying Theorem [6]i) we have that

I[H@n]a= HZZ,J)(G) =tr(aa)l +a

in general.

We now extend our previous work to the theory of in-
struments and observables. If (Q7, F7) is a measur-
able space, an instrument on H with outcome space
(Qz,F7) is an operation-valued measure on ¥7. That
is, A — I(A) € O(H) is countably additive relative to a
suitable topology and 7 (Qy) = T is a channel (11255, 6].
We denote the set of instruments on H by Jn(H). We in-
terpret an instrument as an apparatus that can be employed
to perform measurements. Then 7 (A) is the operation that
results when a measurement of J gives an outcome in
A. For any p € S(H), we call d)g(A) = tr [Z(A)(p)] the
distribution of I in the state p and interpret (D/]) (A) as the
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probability that a measurement of J results in an outcome
in A when the system is in the state p. Notice that since
I = 7(Qy) is a channel, we have that

ol (Qp) =tr [fr(p)] =1

SO (D/{ is a probability measure for every p € S(H). If
is another instrument with outcome space (g, ¥.7), their
sequential product I o  of I then J is the instrument
with outcome space (Qf X Qq, F7r X ) that satisfies

(L o I)AXT)(p) = I @) (L(A)P)

forall A € 7, € Fq, p € S(H). The joint distribution
satisfies

7T (AXT) = tr [(Z o T)AXT)(p)]
=tr [J(I) (Z(A)) (p)]

We define J conditioned by I to be the instrument (|
T) with outcome space (Q g, F7) given by

T 1 DIOp) = IO [ T(p)] = IO [1@QP)]

If 7 € In(H) we have that 7(A) € O(H) and hence
I(A)* € O'(H) for all A € F7. We call 77(A) = I(A)*
a dual instrument. Thus, 7™ is a dual operation-valued
measure on (Qy, ) satisfying 7*(A): E(H) — E(H) for
all A € F7 and by Theorem ]|

Q=10 =1
Moreover, 7™ is the unique dual instrument satisfying

tr [pI*(A)@)] = tr [Z(A)(p)a] 4)

for all p € S(H), A € F1, a € E(H). We denote the set of
dual instruments by Zn*(H).

If (Qa,F4) is a measurable space, an observable A
on H with outcome space (Q4,F4) is an effect-valued
measure on Fy satisfying A(Qy) = I [[1L[2L/5L|6L[T1]]. We
denote the set of observables on H by Ob(H). If A €
Ob(H), we interpret A(A) as the effect resulting from A
having an outcome in A € ¥4 when A is measured. The
probability that A results in an outcome in A when the
system is in the state p € S(H) is given by (D;‘(A) =
tr [pA(A)] and @7 is the distribution of A in the state p.
If 7 € In(H), the unique observable Te O(H) measured
by 1 has outcome space (7, ¥7) and satisfies [[1,2,5]]

®/ () = tr [pZ(A)] = tr [T(A)p)] = DL(A)  (5)
Applying @) and () we obtain

tr [pZ(8)] = tr [pT(A)I] = tr [T(A)(p)I] = tr [pI*(A)(D)]
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for all p € S(H). Hence, for all A € F; we have

T(A) = T (M) (6)

As with operations, although I € In(H) measures an
unique observable f, an observable is measured by many
instruments. Moreover, we interpret an instrument  as an
apparatus that can be employed to measure the observable
7. The next result follows from Theorem

Theorem 7. (i) If 0 < A; < 1 with ) 4; = 1and 7; €
In(H), then Y A, 1; € In(H), (X AL)" = Y 477 and
(X AT)" = ¥ AT (i) If we also have 0 < 1 < 1 with
2.uj=1and J; € I'n(H), then

(Z /L'fi) o (Zﬂjjj) = Z Aipilio T
i.j

and a similar result holds where 7;,J; € In*(H). (iii) If
Z,jAE In(H),then (T o ) *=9J* oIl and (L o )" =
().

Let A, B € Ob(H) and let 7 € ITn(H) satisfy 7 = A.
We define the sequential product of A then B relative to 1

as the observable with outcome space (Q4 X Qp, Fa X Fp)
given by A [1] B = T*(B). This is shorthand notation for

A[I]B(AXT)=I"(B)Y(AXT)=I"A)BI))

= I(A)" (BI) (7)

Notice that A [ 7] B depends on the instrument J that mea-
sures A, but does not depend on the instrument measuring
B. This is because B is measured second so its measure-
ment cannot influence the A measurement. Applying (@)
and (7), the distribution of A [7] B satisfies

DABAXT) = tr [pA [T] B(A x )]
= tr [pZ(A)" (B())]
= tr [Z(A)(p)BI)] 8)
It follows from (@) that
DA X Qp) = tr [T(A)(p)] = DA

for all p € S(H), A € F4. We define B conditioned by
A relative to I as the observable with outcomes space
(Qp, Fp) given by

(B I |A)T)=1"(BI)
for all I' € Fp. The distribution of (B | 7 | A) becomes

o) =t [pI* (BMO)| = tr [ I(0)B(T)]
= tr [T(Q)(p)BD)] = &,(Qr xT) (9)
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Notice that this idea has already been presented in the
quantum formalism when we consider the updated state

after the measurement of A results in an outcome in A.

This updated state depends on the instrument 7 employed
to measure A and is given by

p - I(N)p/tr [T(A)p)] = [T(A)p)]

Using a different instrument to measure A results in a
different updated state in general. Even though A[/] B
and (B | 7 | A) do not depend on the instrument J used to
measure B, the next result gives an expression involving

J.
Lemma 8. Let 7, 5 € Tn(H) satisfy 7 = A, § = B.

) A[T1B=T oD (i) BT ]A)=(J | D"
Proof. (i) By Theorem[/[iii) we obtain
Lo =I(J)=I"(B)=AlI]B

(ii) For all p € S(H),I" € ¥ we have
tr [T 1 DND)] = tr [p(T | D)D)
=tr [(J | DHD)p)]

=t {7 T(p)] 1}
= tr | T(p)g*(T)1)]
=tr [7(0) T (D)
= tr | Z(p)B()|
=tr [pI " (BI))
Hence,
(J | DD =T (BIX)) = (B| I|A)T)
forallT € Fgso (T | D" =(B| I | A). O

If u is a probability measure on (€,¥) we call
I, (A)(p) = u(A)p for A € F an identity instrument with
measure u. Similarly, we define the identity observable
with measure pu as A,(A) = u(A)I for A € . These

are the simplest types of instruments and observables.

The next theorem illustrates this theory in terms of these
simple types. We first need an elementary lemma.

Lemma 9. If A,B € Ob(H), then A[I]B(Q4 xXT) =
(B|Z|A)(T)and A[ZT]B(A x Qp) = A(A).

Proof. Forall " € ¥ we obtain
AI]B(Qa xT) = I(Qp)" (BM)
=1 (BI)
=(BI[I]A)T)
Moreover, for all A € F4 we obtain
A[T]1B(A X Qp) = I(A)" (B(Qp)) = T(A)']
= T(A) = A(A) O

Quanta | DOI:|10.12743/quanta.v11i1.197

Theorem 10. Let 7, be the identity instrument with mea-
sure p. (i) Z,,(A)(a) = p(A)a) forall A € ¥, a € E(H)
and f#(A) = u(A)I is the identity observable with mea-
sure u. (ii) If A = Zl and B = j\, then

A|1,]B(AXT) = BIJIAT x A) = u(A)B(I)
(iii) If A = 7, and B = 7, then (B17,1A)=Band

(A|J|B) = A (i) IfA = T, and B = T,, then
[I ] B is the identity observable with measure u X v.

() 1T € In(H), then (I | 7)) = T (Z, IJ)(A)(p)—
p® [T (T 1 L) = T and (I, | )" =

Proof. (i) Forallp € S(H),a € & H), A € ¥ we have
L)@ = & [ Tu(A)p)a] = tr [u(d)pa] = r [ou(A)al
Hence, 1 ;(A)(a) = u(A)a. It follows that
Tu(A) = TH(AXD) = ()]
(ii) Since A|Z,|B = I;(B), applying (i) we obtain
A|Z,| B XT) = I;(8) (BI) = u(A)B(D)
Since B[J]A = J*(A) we obtain

BIJTAT x A) = J"(I) (A(A))

= p(A)T IO

=J" (D) (M)
= W(AT(T) = p(A)B()
(iii) Applying (ii) and Lemma[9]| gives

(BIZ,1A)(T) = A[I,| B@QaXT) = u(Q7)B() = B()

Hence, (B |1, IA) = B. Since § = B, applying
Lemma 9| gives
A1 | B)(A) = BI[T1AQg X A) = n(A)B(Qp)

= u(A)I = A(A)

Hence, (A | J |B)=A
(iv) Applying (ii) gives

A|Z,| B XT) = w(&)B) = p(A)T(T)
= (AW = (u X v)(A xT)I

and the result follows.
(v) ForallT" € ¥4, p € S(H) we obtain

(J12) D) = TO) [ Tup)] = TO)p)
Hence, (| 1) = J. Forall A € ¥, p € S(H) we obtain

(24 1.9) (A)p) = Tu(A) [ T(0)] = u(d) [ T ()|
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Moreover, for all I € ¥4 we have
(11.) @ =7,(FTD) =TT

Hence, (j | I M)A = f . Finally, we have for all A € ¥
that
(2.19)" @) =T * (T,0) = T[]
= u(NT *(I) = p(A) = T,(A)

s0(Z,19)" =T o

We can extend the definition of a Holevo operation to a
Holevo instrument as follows. A Holevo instrument with
state a and observable A has the form H, 4)(A)(p) =
tr [pA(A)] a for all A € Q4.

Theorem 11. Let H,4) be a Holevo instrument.

6)) ?{’;,A)(A)(a) = tr(aa)A(A) for all A € Fu, a €

(
EH) and Hpay = A. (i) A[HealBAXT) =

tr [@BI)]A(A). (iii) (B | Haa) |A) @) = tr [aBI)]1
which is an identity observable.

Proof. (i) For every p € S(H), A € Fa, a € E(H), we
obtain

tr [pH, 4 (D) @)] = tr [Hia.a(A)(p)a]
=tr {tr [pA(A)] @a}
= tr [pA(A)] tr (aa)
= tr {ptr (aa)A(A)}

Hence, H(, 4,(A)(a) = tr (@a)A(A). Moreover,
Han(B) = H, o (D] = AD)

forall A € F4 50 Higa) = A.
(i) Applying (i) we have
A[Hian)) B XT) = H, o (BYAXT)
= 7_{(>!<a,1:1)(A) (BI))
= tr [@B(IN)] A(A)

(iii) Applying Lemma[9and (ii) give

(B | Hiany | A) (D) = A[Ha.a)] BQa XT)
=tr [@B(I)] A(Q4)
= tr [aB(D)] 1 o

An instrument I is state constant if I(A)(p;) =
I(A)(py) for all p1,p2 € S(H), A € Fr. It J € ITn(H),
a € S(H), we define the a-state constant instrument 7,
by Jo(A)(p) = J(A) @) forall A € Fq, p € S(H). It
follows that I is state constant if and only if 7 = 7, for
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some J € In(H), @« € S(H). For example, the a-state
constant instrument [7{(B,A) N is given by
[His.n ], (A)p) = Hipa(B)(@) = tr [0A)] B

for all A € F4, p € S(H). Notice that 7, can be extended
by linearity to all 7 (H).

Theorem 12. If 7, 9 € In(H), @ € S(H), the following
statements hold. (i) J,(A)(a) = tr [J(A)@)a]l and
Jeo 1s the identity observable J,(A) = tr [J(A)(a)] 1.

(i) (1T =I5, Jo | I) = To. (i) (1T is
the identity observable,

1T ) = tr [ T@I)|1

and (o | D" = Jo. (iv) fA = T, then A[J,]B
is the identity observable with measure u(A x I') =
tr [T (A)(@)B[)] and (B | J, | A) is the identity ob-
servable with measure tr [7(@)3(1")]. V) (I 1 Hean) =
Ja-

Proof. (i) Forall p € S(H), A € F,a € EH), we have
that

r [pT2(AY@)] = tr [Ju(A)p)@)] = tr [T(A)@)a]
= tr {ptr [F(A)@)al ]}
Hence, J,(A) = tr [J(A)(a@)a] I. Moreover,
Ta(B) = To(M)U) = tr [T (A
(i) For all A € 7, p € S(H) we have
(T | T)D)p) = T(A) | Top)]
= I(N) [T (@)] = T5,(A)p)

Hence, (I | Jo) = 175,
p € S(H) we obtain

o | DAP) = T | ()] = T(A)@) = Tu(A)p)
Thus, (Ja | 1) = Ja-

(iii) For all A € ¥ we obtain
(T 1T)"B) = T, [T = o0 | T@I()|1

Applying (ii) gives (Jo | 1) = To.
(iv) For A € 74,1 € ¥, applying (i) we obtain

ATl BAAXT) = J5(A) (BMD) = tr [J(A)a)B(D)]1
Moreover, for all I € ¥ we obtain by Lemma@] that

(B| T | A)(T) = ATl BQa xT) = tr [ T(@)BD)|1
(v) Forall A € ¥4, p € S(H) we have

(T | Hiat)) D)) = TB) | Hia)(0)]
= J(A)@) = Ta(A)(p)

and the result follows. O

Moreover, for all A € Fgq,
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An instrument 7 is repeatable if tr [T(A) (Z(A)p)] = p € S(H) we obtain by Lemma 8] that
tr [Z(A)(p)] for all A € F7, p € S(H) [2]. o [pf(A)] —  [T(A)P)]

Theorem 13. The following statements are equivalent. =tr [7(A) (T(A)p))]

(1) 1 is repeatable. —tr [ 7( A)(p)/f( A)]

(ii) I(A) = (T o IH)"A x A) for all A € F7. _

(iii) (7 o T)YMA; X Ay) = 0 whenever A, N Ay = 0. =tr [pI" () (T(8))]
(iv) T o I(A; X Ap) = 0 whenever Aj N Ay = 0. =tr [p(I o IMNAx A)]

V) (ZoDNAI X Ay) = f(Al N Ay) forall Ay, Ay € Fr. _

i) TII1T(A; x Ay) = T(A; N Ay) forall A, Ay € . Hence, I(A) = (X o I)\(A x A) for all A € F7. This also
implies the converse.

Proof. (i)o(i) If 1 is repeatable, then for all A € ¥, (iii)&(ii) Suppose (ii) holds and A} N Ay = 0. Then

TAD +T(Ay) = T(ATUAY) = (T o DA UA x A UAs) = (T o I)MAI X AL UAs X Ay UA; X Ay UAy X Ap)
=T o DA XA+ (T o D)NAr X Ap) + (L 0o I)NA] X Ap) + (X o 1) (Ay X Ay)
= T(A) + T(A) + (T o DA X Ag) + (I 0 I) Ag x Ay)

It follows that (Z o 7)"(A; X Ay) = 0. To show the converse, suppose (iii) holds. Denoting the complement of A by
A’, we obtain

tr [Z(A)(p)] = tr [Z(AU AT (A)p)] = tr [(Z(A) + L(A")) (L (D)p)] = tr [I(A) (T (A)p)] + tr [Z(A") (Z(A)p)]
Applying Lemma 8| gives
tr [Z(A) (T(A)p)] = tr [T(A)()T(A)] = tr [pT*(A) (T(A)] = tr [p(Z o DA x A)| =0

Hence, tr [Z(A)(p)] = tr [Z(A) (Z(A)p)] so (i) and (ii) hold.
(iii)e(iv) If J(T) = 0 then N
tr [pT()] = tr [T)p)] =0

SO f (T') = 0. Conversely, if f () =0, then tr [T (T)(p)] = 0 for all p € S(H). Since J(I')(p) is positive, it follows
that J(IN(p) = 0 for all p so J(I') = 0. Replacing . with 1 o I gives the result.
(>iii)e(v) Suppose (iii) holds. Since

Arx Ay = Ay X [(A2 AU (A N AD] = [A1 X (A2 N ADTU[A; X (A2 N AD)]
and

[A1 X (A NADTU A1 X (A2 N AD] = A N (A N A =0

we have by (iii) that
(LoD [Ar x (A2 nAD|=0

Since (iii)=(ii) we obtain
(I o DNA X Ay) = (T 0o D)
=T oI)"
= o)
= o)

Ay X (Ax N AY)]

(A1 N A2) U (A1 N AS) X (A N AY))

(A1 NA)X (AT NA)U A NAY) X (AN Az)]
(A1 N A2) X (A N AD] = T(A1 N Ay)

—_ ———
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Clearly, (v) implies (iii).
(v)&(vi) This follows because by Lemma g we have that
T [I11 = (T oI)". Reversing the implication shows that
(vi) implies (i). Alternatively, since 7 [I]17 = (I o I)",
letting A; = A, = A we obtain from (v) that

TA) =T[I1TAXA) = (T oD AXA) O

Corollary 14. The following statements are equivalent.
(i) 1 isrepeatable. (ii) Z*(A)I = I*(A) [L*(A)I] for all
A e Fr. (iil) T*(Ay) [Z*(A2)I] = 0 whenever AjNA; = 0.
@iv) IT*(AD [T*(ADI] = T*(A N AT for all Ay, Ay € Fr.

Proof. By Theorem [I3[ii), I is repeatable if and only if
for all A € F7 we have

T*(A) = T(A) = (T o I) (A X A)
="M TW)] = I [ ()]

By Theorem [13]iii), 7 is repeatable if and only if when-
ever A; N Ay = 0 we have

A [ (M) = (T o D)NA1 X A2) =0

By Theorem [13|v), 7 is repeatable if and only if for all
Ay, Ay € F1 we have

T AD [T (AT = (T o DNA X Ay) = (A1 N Ay)
= IT*(A; N A O

We now consider finite instruments and observables. One
of the main advantages of the finite case is that we can
introduce Liiders instruments [3},/4] which do not seem to
exist in the infinite case. Although finiteness is a strong
assumption, it is general enough to include quantum com-
putation and information theory [2,/5,/15]]. For a finite set
Q = {x1,x2,...,x,} we assume that the corresponding o--
algebra is 2% so the outcome space is specified by Q and
we need not mention the o-algebra. A finite instrument
with outcome space € corresponds to a set

T={I,.Tx.....T5} COH)

j— n

for which 7 = }} I, is a channel. We then define
i=1

I(A) = Y Iy foral A C Qso A — I(A) be-

X;€EA B
comes an instrument [2,/5,|11,/12]. Similarly, a finite

observable with outcome space € corresponds to a set
n

A ={A, Ay, ... Ay} C E(H) for which )} A, = 1. We
i=1

again define A(A) = }} Ay, and A — A(A) becomes

X;€EA
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an observable. As before, an instrument J measures a
unique observable I that satisfies tr (o7 ,,) = tr [1,(0)],
i=1,2,...,n,p € S(H). Of course, this is equivalent to

tr [pf(A)] =tr [I(A)(p)]

for all A C Q, p € S(H). For conciseness, we use the
notion
I(x)=1({xh =1,

Theorem 15. A finite instrument 7 is repeatable if and
only if

tr [Ix(p)] =tr [Ix (Ix(p))]
forall x € Qr, p € S(H).

Proof. 1f T is repeatable, then

tr [Zx(p)] = tr [Z(0)(p)] = tr [Z(x) (Z(x)(p))]
=1tr [Ix (]x(p))]

for all x € Qp, p € S(H). Conversely, suppose
tr [Z(p)] = tr [Ty (Z,(p))] holds. Since

Do [I,T o)) = tr [T @) = tr [Z(p)]
y

we conclude that ) tr [I y (L X(p))] = 0 so

y#Fx
tr [I,(T(p))| = O forall p € S(H) and y # x.
We conclude that

r [Z(A) (Z(A)p)] = tr

D

yeA XeA

= >[I, p))]

x,yeA

= Y L (T(p))]

xeA

= ) 1)

xeA

=tr [Z(A)(p)]
for all A C Qy, p € S(H). Hence, 7 is repeatable. m]

The instrument 7 o J and observables A [ 1] B are de-
termined by their outcomes (£ o ) = Lx o J, and
(A[Z]B),, = Zy(By). The next result follows from
Theorem[13]

Corollary 16. The following statements for a finite in-
strument J are equivalent. (i) 7 is repeatable. (ii) 7, =
(IOI)&x) for all x € Q7. (iii) (IOI)(AW) =0ifx £ y.
(iv) (L o I)(Ax 0= f({x} N {y}) for all x,y € Qy. (v) For
all x,y € Qr we have

(711 T),, =TWx i)
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We now consider a generalization of a Holevo instru-
ment for the finite case. If A = {A,: x € Q} is a finite
observable and a, € S(H), x € Q, then the instrument

[Hian)], (0) = tr (pA ),

is called a (finite) Holevo instrument with states a, and
observable A. The instrument H, 4y is also called a
conditional state preparator [2].

Lemma 17. A Holevo instrument H(, 4) is repeatable if
and only if tr (@;A,) = 1 for all x with A, # 0.

Proof. For all p € S(H), x € Q, writing I = H, 4) We
obtain

tr [ 22 (L)) = tr [, (tr(pA )]
= tr (pAtr [1(ay)]
= tr (A )tr (@ Ay)

Hence, 7 is repeatable if and only if

tr [Ix (Ix(p))] =1tr [Ix(p)] = tr (pAx)

which is equivalent to tr (oA )tr (@A) = tr (0A,) for all
p € S(H), x € Q. Choosing p such that tr (pA,) # 0 we
conclude that tr (@,Ayx) = 1 for all x satisfying A, # 0.

O

In Lemma [17] we can choose @, = |y )¢ where
[,y is a unit eigenvector for A,. We now generalize
Theorem [I1] for finite Holevo instruments.

Theorem 18. (i) (H}, ,)x(a) = tr(2xa)A, and Hio ) =
A 5o Ha) measures A. (ii) If 7 € In(H) is finite,
then I o H, 4 is a Holevo instrument with states a,
and observable B(,,) = I,(A,). (ii) If 7 € In(H)
is finite, then H,4) o 7 is a Holevo instrument with
states J,(a,)~ where tr [I y(a/x)] # 0 and observable

(ii) Forall x € Qf, y € Qq, p € S(H) we obtain

( o Haa))xy)(©@) = L o (Han)y(P)
= (Ha,a))y (L x(0))

=tr |[T(p)A|a, = tr [p(T3(4))] e,

Notice that B, = Iy (A,) is an observable because

I (Ay) € E(H) and
PR ECH)

D Baw =
Y XY
= Z I (Z Ay
X y

=Y I =1Q ') =1

(iii) For all x € Q4,y € Qr, p € S(H) we obtain

(ﬂ(a,A) o I)(x,y)(p) = (W(Q,A))X o Iy(p)
= -Zy [(W(Q,A))x(p)]
=1 (/)Ax)jy(a'x)
= tr |ptr (I,(@)) A 7y(a)

Notice that B, ,, = tr [I y(a/x)] A, is an observable be-
cause tr [Iy(a/x)] Ay € EH) and

D Buw = )i |T@0)] A,
XYy

XY
=Y | > I,
x y

- Z tr [T As

X

ZZsz

X

Ax

(iv) Applying (ii) we obtain for all x € Qp, y € Qy4,

Biry = tr|T,(@0)|Ax. (V) Hgp) o Hiaa is a finite p € S(H) that

Holevo instrument with states a,, and observable C(y ;) =
tr (BxAy)Bx. (V) (B| Haay | A), = X tr(aB)A..
X

Proof. (i) For every p € S(H) x € Q4, a € E(H) we
have

tr [p(?‘{(z’A))x(a)] =tr [(W(Q,A))X(p)a] = tr [tr (pA)a,a]
= tr (PAtr (aa) = tr [ptr (@ a)AL]

Hence, (?{("‘Q A))x(a) = tr (aya)A,. Moreover,
(W(Q,A))x =tr (ﬂ:a,A))x(l) =Ax

SO 7'{(0[,14) =A.
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(Hi.B) © Hian) oy (p) = tr [P(W(Z,B))xAy] @y
= tr |ptr (BeA,)B, | o
= tr (B A tr (pBy)ay
=tr [ptr (ﬁxAy)Bx] ay

Notice that C(, ;) = tr (8:A,)B, is an observable because
tr (6xA,)B, € E(H) and

Z C(x’!/) = Z tr (ﬁxAy)Bx = Z tr {ﬂx Z Ay] B,
Y XY X y
= Ztr(ﬁxl)Bx = ZBX iy
X X
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(v) For all y € Qp, applying (i) we obtain

(B | H(Q,A) | A)y = (}_{(Q,A)(By) = Z tr (a'xBy)Ax o
X

If A = {A,: x € Qu} is a finite observable, we define
the corresponding Liiders instrument [3,/4,9|] with out-
come space Q4 by

Lol
Lip) = ATpA;
for all x € Q4. We then have for all A C Q4 that
L1
LAN) = Z {Aij)% I XE A}
We now generalize Theorem [5to instruments.

Theorem 19. Let A, B € Ob(H), J € In(H) be finite.
11

() (LY%(a) = AZaA} and (L) = A so L4 measures A.

I~ 1

(i) (LAo Iy = ALT AL forall x € Qu, y € Q.

(iil) (T o LA)(\W) = j;(le) folr all x € Qx, y € Qq.

(iv) (I 1 LY) = % A2T,AL
xeldp

W) (L)) = j*(Ax])- 1

. A _ A 5
i) (A]£ ]B)(w) = AZB,A..

1 1
(vii) (B LA |A)y = Y AIB,AL

xeQy

Proof. (1) Forall x € Q4, a € E(H), p € S(H) we have
tr [p(LY (@) = tr [ L)

= r(AZpAta)

11
=tr [pA)% aAj]
11
Hence, (L%)%(a) = AZaA?. Moreover,

1o
(LYY = (LY = AFIA] = A,
Therefore, (£4)" = A so £4 measures A.
(ii) By Theorem [5[iii) we obtain
s & Lz
(L oDy, = (LYUTY) = AT AL
(iii) Applying Theorem [5|we have the following
(T 0 LY, o = T3 (LD = T;(Ay)

@) (T1LY) =TV (T =5 ALTA

xX€EQ4
V) LI =TULY) = % TiA.
yeQq
i) (A[L£4]B),,, = (LB = A;B,AL.
(vii) (B | LA | Ay, = (A[LA]B)@ x () =
3 A%ByAé. O

x€Qq
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Corollary 20. Let A, B € O(H), J € In(H) be finite and
let A € Qy4, " € Qp. Then the following statements hold.
(i) (LYH*(A)a) = ¥ (ADa).

eA

(i) (LYo NDNAXT) = X [A.0T D).

xeA

(iii) (J o LHYNT x A) = T*([D) [A(A)].

i) (T | LY D) = % (A,0T(D)

xeQp
V) (LA TN = T * [AWD)].
(vi) (A[LA]B)(AxT) = zA [A,0B(D)].

(vii) (B| L | A)D) = 3 [A0B(D)].
XEQA
We close by stating that a Liiders instrument is repeat-
able if and only if it is sharp [2].
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